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Chapter 1

In this book you will explore special types of graphs that can be helpful in visualizing
the solutions to differential equations. Remember that, although a differentiable func-
tion has only one derivative, there are infinitely many functions that share the same
derivative, because shifting a function vertically does not change its derivative. Each
such function is called a particular solution of the differential equation. The general
solution, however, includes one or more arbitrary constants and represents the infinite
family of functions that solve the differential equation. A slope field is a graphical way
of picturing particular solutions as well as the general solution.

Describe the family of solutions to the differential equation % = 2x2.

Antidifferentiate both sides to get y = %x3 + C. This is the general solution,
a far;u'ly of cubic functions that are all vertical shifts of the particular solution
y =32
All is straightforward when the derivative is a sufficiently simple function of x so that
we can find the antiderivative directly, as in the foregoing example. Often, however,
we cannot do so directly, such as when the derivative is a more complex function of x.
In these cases we can still determine a general solution using the Second Fundamental
Theorem of Calculus.

Describe the family of solutions to the differential equation % = cos(x?).

There is no simple formula for the antiderivative of cos(x?). However, we can
use the Second Fundamental Theorem of Calculus to write an antiderivative.

The integral expression y(x) = f cos(t?)dt defines a function of x and represents

the particular solution passing through (4, 0). The general solution is the fami-
ly of functions generated by varying the constant a. Alternatively, we could
choose a particular value of 4, say a = 0, and then the general solution could be

written as y(x) = [ cos(®) dt + C.
(4]




Although the Second Fundamental Theorem gives us a way to write an expression for
the general solution, it is not very satisfying, because these integrals do not look like
nice algebraic formulas. That cannot be helped; sometimes there is no nice algebraic
formula. However, it is still possible to get a feel for these integral solutions. This is
where the central topic of this book comes in. Slope fields are a way to visually repre-
sent solutions to differential equations. Much more on slope fields will be explored in
the rest of the book, including how to make your own slope fields. For now it will be
enough to observe several slope fields.
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Figure [.1

Figure 1.1 shows a slope field for the differential equation % = cos(x?). The slope field
is composed of hundreds of tiny line segments. Taken together, they suggest many
waves moving off to the right. If the slope field were a stream, a light object dropped
at any point (xg, ) would be carried away “downstream” along these waves.

Figure 1.2

The slope field in Figure 1.1 suggests something about the general solution to the
differential equation, whereas the three curves in Figure 1.2 approximate particular
solutions through (0, 1), (0, 0), and (2, 0).
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Notice that these waves appear to be vertical shifts of each other. Notice, too, how the
slope field suggests that successive periods of the wave appear to shorten and dimin-
ish in amplitude as we move to the right. Although we still do not have a nice formu-
la for these curves, thlS slope field gives a much better sense of some of the properties
of the solutions to —y- = cos(x?).

The Second Fundamental Theorem of Calculus, together with the use of slope fields,
allow us to solve differential equations algebraically (by formula) and to approximate
graphical solutions as well. There are times, however, when even the Second
Fundamental Theorem cannot help. If the derivative is an implicit function (a func-
tion involving y), then we cannot compute values of the solution using the Second
Fundamental Theorem. However, we can still visualize the family of solutions by
using a slope field.

Contrast the particular solutions to the differential equation

dy _ 2x —2xy
dx = 3y +x2 -2y —

1¢ DPassing through (0, 6), (0, 0), and (0, —5).
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Solution

We cannot antidifferentiate this equation directly because the right-hand side is
a function of both x and y. We cannot use Separation of Variables to solve this
problem algebraically, nor can we use the Fundamental Theorem of Calculus to
write an integral expression for the solution. There are other methods for
approximating solutions, and we will examine one in a later chapter, but for
now a slope field is the only tool we have to try to learn something about the
solutions. The slope field shown in Figure 1.3a may seem quite messy. It will
take some practice before you will be able to get much information from a pic-
ture this complex, but even here we can learn quite a bit about the solutions to
this differential equation. In Figure 1.3b we have drawn solutions passing
through the three given points. Notice that these three solution curves are not
simply vertical shifts of each other, as in Example 2. Instead, the slope field
shows that this equation has several distinct types of solutions with different
families of solutions in different parts of the plane.

The curves passing through (0, 6) and (0, —5) appear to have the domain of all real
numbers. The first has a relative maximum on the y-axis while the second has a
relative minimum on the y-axis. Each curve appears to have two points of inflection.
The solution passing through (0, 0), however, seems to have a limited domain and to
be concave down throughout.

Look again at the slope field in Figure 1.3a. Do you now see how the top portion of the
field suggests curves similar to the solution passing through (0, 6)? Likewise, the bot-
tom of the field suggests a family of curves similar to the solution passing through (0,
—5). But if you look near the origin there appear to be two sets of loops, like eddies in
a stream. The curve passing through (0, 0) is the top half of one of these eddies. Why
do you suppose we draw only the top half of the loop and not the entire loop as our
particular solution? We will ask this question again in the problems at the end of
the chapter.

Interestingly, this slope field suggests other properties of the solutions to the differen-
tial equation as well. For example, all the solutions appear to be symmetrical across the
y-axis.
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Problems o www.peoplescollegeprep.com/slopefields.html

1.

Figure 1.4 gives a slope field for the dif-
ferential equation 4- = xe™*.

2.
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Figure 1.4

a. How many types of solutions do there

appear to be?

b. Sketch the solution passing through

(0, —2). Where are the locations of the
turning points of all the solutions? Do the
solutions appear to have points of inflec-
tion? If so, how many?

c. Find the general solution by antidifferen-

tiation and graph the particular solution
passing through (0, —2). Does your sketch
confirm your answers in 1a and 1b?

In Example 2 it was stated that there is no
simple antiderivative of cos(x?). Show
that sin(x?) is not a correct antiderivative.

Chapter 1

3.

Prrririei e

Figure 1.5 gives a slope field for the dif-
ferential equation % = xsin(x2).
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Figure

. How many types of solutions do there

appear to be? Do the solutions appear to
be even, odd, or neither?

Find the general solution by antidifferen-
tiation and then graph the particular
solution passing through (0, 0). Does your
graph confirm your answers in 3a?

Figure 1.6 gives a slope field for the dif-
ferential equation % = 2x —3.
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Figure 1.6

Do the solutions appear to be even, odd,
or neither? Do the solutions appear to be
concave up or concave down? What kind
of curves do the solutions seem to be?

Find the general solution by antidifferen-
tiation. Does your answer confirm your
answers in 4a?




Figure 1.7 gives a slope fleld for the dif-
ferential equation ;- = W
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Figure 1.7

a. Do the solutions appear to be even, odd,

or neither? Do they appear to have points
of inflection and, if so, where? On what
domain do the solutions appear to be
increasing?

b. Find the general solution by antidifferen-

tiation and then graph the particular
solution passing through (1, 1). Does your
graph confirm your answers in 5a?

Figure 1.8 gives a slope field for the dif-
ferential equation x24% = x — Vx. The
solution passing through (2, 1) is shown.
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Figure 1.8

a. Sketch the solution passing through
(3, —1.5) and use it to approximate y(4).

b. What appears to be the domain of the

solutions? Explain why that is reasonable.

. Do the solutions appear to have points of

inflection and, if so, where? On what
domain do the solutions appear to be
increasing?

. Find the general solution by antidifferen-

tiation, and then graph the particular
solution passing through (3, —1.5). Does
your graph confirm your answers above?

Figure 1.9 gives a slope fie}d for the dif-

ferenhal equa‘aonx x—l - x2
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a. What appears to be the domain of the

solutions?

. What seems to be happening near x = 1

in the slope field? Can you explain how
the differential equation could be used to
support your answer?

. Find the general solution and then graph

the particular solutions passing through
(2, 0) and through (-2, 0). Do your
graphs confirm your answers in 7a?
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8. InExample 3 we drew only the top half of 10.  Figure 1.11 gives a slope field for the dif-
the loop passing through (0, 0). Explain ferential equation 2x +2y3¥ =0.
why it would be incorrect to draw the
entire closed loop as a solution. 1):
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R I Py
DR B Sdddddddddad a. How many types of solutions does this
equation appear to have?
Figure 1.10

b. Guess an implicit function, which, when

On a copy of the slope field, shown here differentiated, gives the equation.

in Figure 1.10, find three new types of
solution curves. For each new type
you find:

c. Use your answer to 10b to find the equa-
tion of the solution through (3, —4).

a. Give a possible initial value and sketch a
particular solution.

b. Describe the important features of the
curve you drew.

8 Chapter1




11. Figure 1.12 gives a slope field fior the 12, Figure 1.13 gives a slope field for the
implicit differential equation y +x7- = 0. implicit differential equation
—9px — oy _ 4
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, a. How many types of solutions does this
equation appear to have? -5
b. Guess an implicit equation, which, when Figure 1.13
differentiated, gives this derivative.
(Hint: the left-hand side is the derivative a. How many types of solutions does this
of a product.) equation appear to have?

b. Find the general solution to this implicit
differential equation. (Hint: Does the
right-hand side seem similar to the equa-
tion in Exercise 11?)
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Chapter 2

As we saw in the first chapter, slope fields are Visualizadﬁons of solutions to differen-
tial equations. The slope field of a simple equation like #xL = x2 consists of a family of

vertically shifted cubic curves y = -5~ + C. The slope fields of implicit differential

equations can be much more complicated, having many different types of solutions.
But as we saw, even these slope fields can tell us quite a bit about solutions to an equa-
tion that we may not be able to solve algebraically. In this chapter you will learn how
to draw slope fields and how to recognize some of their important features.

To begin, consider the simple differential equation gx = 7. Instead of thinking of it as
a problem to be solved, use it as a recipe for computing slopes. For any given value of
x we can compute a value, and this value represents the slope of a solution curve at a
particular point. Such computations are exactly how you first used derivatives to find
tangent lines of curves.

Since the general solution of a differential equation consists of a family of curves, there
will be solutions passing through every point (x, y) in the domain of the derivative. At
each of these points we can use the differential equation to compute a value of the
derivative. Table 2.1 gives the slopes Zx = 3 at twenty-five different points.




Example |

Solution

xy —2;; —1 0 : ! .
-1 ~1 -1 -1
_1 _1 _1 _1
2 2 2 2
0 0 0 0
IEEEEAERE
2 1 1 1 1 1
Table 2.1

Note that these are not all slopes of the same particular solution curve. Some of these
might be on the same curve or each of these twenty-five values could be on a different
particular solution. The computed values are independent of the y-value, because the
derivative is a function of x only.

We can use such a table of values to find a tangent line at each of the points (x, y) we
choose. If we then draw a small segment for each of the many different tangent lines,
the resulting picture is a slope field. :

Make a slope field for the differential equation % =x.
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Figure 2.1

Figure 2.1 shows a slope field for this differential equation. On it we have drawn
many tiny line segments, each one a small portion of a tangent line. Notice how
the segments in the diagram seem to flow around parabolas. These tangent seg-
ments help us visualize solutions to the differential equation.

Constructing Slope Fields 11




Of course, in this example it would be easy to find the exact solution because we could
antidifferentiate directly; but when we cannot find an antiderivative, slope fields can
suggest features of the solution curves that cannot be seen in other ways.

Now, instead of looking at the parabolas, focus on the line segments along the line x =
2. These appear to be parallel. In fact, the segments along every vertical line appear to
be parallel. Can you think why this should be so?

To draw a slope field, follow these three steps:

1. Choose a window of the plane in which to view the slope field. For Figure 2.1 we
chose [—3.5,3.5] X [-3.5, 3.5].

2. Choose the points at which to compute the slopes. This is usually done by choos-
ing the spacing Ax and Ay between the points. In Figure 2.1,
Ax = Ay = 0.5.

3. At each chosen point, compute the slope from the differential equation, and
draw a small segment of the tangent line at each point.

To visualize the solution curves, we need hundreds of segments. There are
225 segments in Figure 2.1—far too many to draw by hand. In general we will use soft-
ware to construct slope fields conveniently. (Slope field programs for several types of
calculators are given in Appendix A.) Still, it is instructive to draw a few slope fields
by hand to get a sense of the level of detail involved. The next example shows one way
to do so.

d;
Example 2 Draw a slope field for % = —yinthewindow -2 =x<2and -2 <y =< 2. Use
Ax = Ay =1 so that the tangents are drawn at points with integer coordinates.

NI -2 -1 0 1 2
=2 2 1 0 -1 -2
-1 2 1 4] -1 -2
0 2 1 0 -1 -2
1 2 1 0 -1 -2
2 2 1 0 -1 -2
Table 2.2
Solution Begin by computing the slopes you will need, which are organized in Table 2.2.

Because the slopes are independent of x, it is convenient to draw the slope field
in horizontal rows, where all segments have the same slope. Begin, for example,
with points along the line y = —2. For every value of x the derivative is +2, so
at each of these five points we draw a short segment with slope 2, as in
Figure 2.2a.

Continue by drawing segments with slope 1 along y = —1, segments with slope
0 along y = 0, segments with slope —1 along y = 1, and segments with slope —2
along y = 2. The completed slope field is shown in Figure 2.2b.

12 Chapter 2
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Understanding how slope fields are drawn is the key to being able to read the impor-
tant features of solution curves. In the next example, we use the properties of the
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Figure 2.2b

derivatives to match slope fields to differential equations.
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Figure 2.3a

¥’ = 2x does not depend upon y. Therefore, its solution curves will have the
same slope along any vertical line. Scan each figure by looking up and down the
columns of segments. Only Figure 2.3b shows the same slope throughout the
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Suppose the slope fields in Figures 2.3a—c were mislabeled with the wrong dif-
ferential equatlons Which is the slope field for y' = xy, which for y =x+y,
and which for y' = 2x?

column and so must be the slope field for y’ = 2x.

The derivative y' = xy will be positive in quadrants 1 and 3, where x and y have
the same sign, and negative in quadrants 2 and 4, where their signs are differ-
ent. The line segments in Figure 2.3c all have positive slope only in quadrant 1,
and those in Figure 2.3b have positive slope in both quadrants 1 and 4. Because
only Figure 2.3a has the correct signs in all four quadrants, it must be the slope
field for y' = xy.

Constructing Slope Fields
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