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Cos x

cos’t

cot 76 sin

9. lim
: 2sech

-0

- tan® 3¢

11. }gl‘]) o

13. lim

=0  fsect

sin(3¢) + 4r

1-13, evaluate each limit.

2. 01_1)21/2 6cosf

4 lim 3xtanx

x=0  sinx
sin 30
. lim
-0 20
tan 50
. lim —
6—0 sin 20
. 2
10. 1im 323
=0 2f

12, lim —1202
t—>0sin2t — 1

Find the limits in Problems 61-68. The square brackets in Prob-
lems 61-64 denote the greatest integer function.

61. xl_i)x})y [x]

63. xl_l)no?s [x]

65. lim —
x=0" |x]
x2 -9
. lim
67. Jim =3

64.

66.

68.

« 62 xl_i.,%‘— [x]

lim =
=27 [x]

lim —
x—0 ‘xl
lim xz_—g_
x—3" ‘x — 3l

' 69. For what values of ¢ does the greatest integer function
f(x) = [x] approach a limit as x — ¢?

Evaluate the limits in Problems 43-58, {f tyuj

~®  exist.
| . sinx + sin
43. lim 44, lim 20X
r oy v e 2x+5
| 45, lim 1S 4. lim 52
) [ X—>00 X x—1 x3 -
P .
47. lim 48. lim 230X
x>0 tan 3x xl’,‘; x + sin x
X2 = g2 : 2_ 2
49. 1 im =—2
x-gxlz xX—a 50'11—131 x+a
2 _ 2 N s
| 51. lim M_L 52. lim _L’Q/—f_
‘ h—0 h h—0 h
\ 1/(x + Ax) — 1/
| 53, Jim LT ONT X im L
5 Ax—0 Ax s4. xli{{)l+ x
55, fim L2V 56. lim Z=)Vx -1
x>l 1 —x x—1 2x2+x—3
57. lim (1 — x cos x) 58, lim —~ 1~V
X—»00 x—>1 x2 - X
tFind the limits in Problems 59—66.
‘ x-Lr{)l" x 60. xl:)l’{)l_ X

61 lim ([x] - x) 62. lim ([x] - x)

| . DbP-9 . BP-9
;63. Jim S 64. lim 5 —
|
e 1 Vix
65. lim x[x] 66. lim s
x—0 0" V4 + Vx — 2

&

70. For what values of ¢ does f(x) = x/|x| approach a limit as )
x> Do 6. lim 2
=27t —
Find the limits in Problems 71-86.
. ; 38. lim
+ L
7. fim —SRX 72. lim, cos x =2 x =2
=0  COS X 20 N
in 40. lim
73. lim — 74. lim sinh x=0 |x| + 1
| 10 sin ¢ h—0 h
l sin?h 2 sin ¢ cos ¢ 2. lim
75, lim 76. lim —— 187 0 [x]
1 h—0 h © =0 t x2
| 44. lim
77, lim tan x 78. lim 209 3 x -
x—0 ‘ 6—0 ]
i 46. lim,
79. lim sinx 80. lim ——* =1 g2 =
‘ x—0 x—0* | xl 2
| i 48. lim
81. lim =% 82. lim x cos x 2 22+ 5
x—0 |x] x—0 44
i i 50. lim —————
83. lim L2 84. lim 0% 1 X2+ 2 — 3
=0 x x>0 sin 3x
. tan 2y . sin 2x lim — %= 1
85. yll‘}(‘) T 86. lim P ar 22— Tx + 5
N as (@) x— 0, (b) x— 20, and (c) x— 1.
—_ 0 (e - — 6p oo0— ° " )
€/1- 0 0@ §/1-® 115 L= "6 Ly €/T 'S8 T €8 T— I8 0 °6L O °LL 1 °SL 1°€L I °IL

! &
0°Sh 0 b co- Ty 00 6 b Ue w ge
0°S9 0°€9 I— 'I9 [ °6§ ISIX3 10U s0Q ‘L§ T/I °SS
A&/1— €5 XT IS DT '6v €/1°LY 0 'St O '€y

133Ut ue J0U O (B I0T ‘69 9 L9 [ °S9 0 €9 0 ‘I9

u [ 4
L€ 0T F£6 €L i 1€ 1 V



22

oo

. 2 - h t h
E 21 lim 2. 1im G " At what points is the function
L4 x4t x — 4 t—>=3*t + 3 0, x<O0,
2’ 2 x)=11, 0=x=1,
23, lim —— 2. lim —— | &) x
t—3 9 - t x—»\’/§+5 — X ) 0, 1 <x,
. x2 . 9  continuous? (Hint: Graph the function.)
25, lim ————7—— 26. lim —— k:
=5 (x — 5)(3 — x) 6—7* sin § 8. Let f(x) be defined by
i 3 5 lim w6 " 1 for x <0,
a3 " 92 cos 0 'j f@={V1-x* foro0=x=1,
¥-x—-6 x*+2x—8 x=1 for x> 1.
29. lim 3 30. lim -1 _ Is f continuous? (Hint: Graph the function.)
o Ix o [x] ad the points (if any) at which the functions in Problems 12-21
31 lim — 32. lim — not continuous.
-0t x x—=0" x :
1 1
| X x Y= B.y=—
33, 1im_u 34, 1im 2 x=2 M)
| x=0" x =0t x
| y= g 15. y = x+1
| + . , Ly=—
35. Jim - T00% — 36. Jim r+ ¥ = d4x+3
Ix - ll 17. y= -2—&-_%__
x*—3x—10
~ -1
F [CAS) Find the one-sided limits in Problems 59-65. Begin by plot- -1 19. y= e
®  ting the function in an appropriate window. Your computer may in-
dicate that some of these limits do nogexist, but, if so, you should be = Cosx Ly= M
x

able to interpret the answer as either oo or —oo.

. The function f(x) is defined by f(x) = (x* — D/x—1)

wi sinfx - 3| sin|x -3 when x 7 1 and by (1) = 2. Is f continuous at x = 1? Ex-
8 lim 60- N n(x — 3) plain.

‘ . Define g(3) in a way that extends g(x) = (x2 — 9)/(x — 3)
\ 6L Tim ﬁ)ﬁ&x_—_S) 62. lim, C?S x/2 _ to be continuous at x = 3,

\ x—3 x—3 L oxmE X T . Define A(2) in a way that extends h(x) = (x®> + 3x —
|

10)/(x — 2) to be continuous at x = 2.

Define f(1) in a way that extends f(x) = (x> — 1)/(x2 — 1)
to be continuous at x = 1.

- Define g(4) in a way that extends g(x) =
3x + 4) to be continuous at x = 4.

27 a) Graph the function

0 = {2 - x

b) Is f continuous at x = 1?

63. lim (1 + V)"

65. lim (1 + V)’

64. lim (1 + V)"
*? - 16)/(x? -

O0=x=1,
1<x=2.

Special Roblem

re
(Famous Problem) Let f(x) = 0if x is irrational and let
ir =1 x) = 1/qif xis the rational number p/qinreduced form (g > 0).
Ixxsg (a) Sketch (as best you can) the graph of fon (0, 1).
s9x (q R A(b) Show that fis continuous at each irrational number in (0, 1),

. but is discontinuous at each rational number in (0, 1).
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Exercises 1-10, find the discontinuities, if any.

f(x) = sin(x* — 2) 2. f(x) = cos (
4. f(x) =secx

6. f(x) =

“ f(x) = cotx
f(x) =cscx
f(0) = | cosx]

fx) = 7

—2sinx

10. f(x) = ——

(b) [sinx|

(d) V3 +sin2x

(@) sin(x®> +7x + 1)
(© cos’ x+1)
(e) sin(sinx)

sin(g(x)), cos(g(x)), g(sin(x)), and g(cos(x)).

choices for g.

X =7

1+ sin®x

8. f(x) =+v2+tan’x
5+2cosx

Use Theorem 2.5.6 to show that the following functions

are continuous everywhere by expressing them as compo-
sitions of simpler functions that are known to be continuous.

(f) cos’x —2cos®x + 1

(a) Prove thatif g(x) is contifiuous everywhere, then so are

(b) Illustrate the result in part (a) with some of your own

| Find the limits in Exercises 13-35.

1 . 2
. lim cos (—) 14. lim sin (—)
X —> 40 X X — +oo X
X ¢ sinh
. ., 16. i
xl-‘ﬂwsm(z—sx) 6. Jim =
. sin30 . sin@
- fm = 18. lim, 52
. .2
o sin x 20. lim sin” x
x—>0" |x| x>0 3x2
. in6
lim SB* 22, lim 22>*
x=0% 5,/ x>0sin8x
)
tz}n Tx 24, im sin“ 0
x—0 sin3x 60 6
h sinh
. lim — 26. lim ————
h{%tanh : 6 hl—% 1—cosh
92
lim ——— 28. lim ———
6—-01 — cosf x~0 cos (37 — x)
2
.1 0. lim ————
i cosf 3 50 1 —cos2t
- 1
. lim 1—028—5’-1- 32. lim sin| —
h—0cos7h — 1 x—0* X
, . , 234
,} . lim cos (1) 34, lim = 280X
/ o x—0t x) x—=0 X

. 45. Find lim T
NE

e
35. lim = * 0%

x—0 X

R3]

......l.009'.0...‘.0.0..lOI.....0.0.....00.0..0O.Q.0.00'.'0..0...00‘...0....Ol.'...l....D...Q...'O.Q‘...'..

the exact value of the limit.

In Exercises 36-39: (i) Cbnstruct a table to estimate the limit
by evaluating the function near the limiting value. (ii) Find

o S —5)  sin@x —4)
o >
38, fim S AENHD 5y, & F3x 4D
x—> -2 x+2 x— —1 x3+1

40. Find a value for the constant k that makes

sin 3x

—, x#0
f)=1 =«
k, x=0
continuous at x = 0.
41. Find a nonzero value for the constant k that makes

tankx

fx)y=1 x
3x+2k%, x>0

continuous at x = 0.
42, Is

s x <0

sin x

f) = IW
1, x=0

continuous at x = 0?

43. In each part, find the limit by making the indicated substi-

tution.

. .1
(@ lim xsin—; t=
X —> oo X

x| =

1 1
(b) lim x(l—cos-—); t=—
x——o x x

T—Xx

©) lim ——; t=m—x
xX=>n Sinx
4. Find lim S&F/X). [Hint: Letr = = — f.]
x—>2 X — 2 x

sin(7rx)

' 46. Find lim 2*~L

x—=>1 x — x—>n/4 x—n’/4'

x| > (x/upg)s00 x = [x|— ~1p  u—

10 0@ 1®¢ev f=yw L Lo ¢
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Hor 23+2.4

A

. x2—x—-6 L. X3+ 4x2+x+4
23'}1—+ngx3—3x2+x-3 24'31—131 x2+3x—4
x — 100 x12 — 1/4
25. lim ———— . lim —m
w100 5 — 10 %
y2B —1/9 W2
7. yr_— 2 i Y T V2
2 y—1>111/127 y3 —1/3" 28 }1—% y2 —2y
' 6y — 3 o 1
29, lim ——— . 1i — -
Tk 31— 25) W (1 x>
x2 4 1+ 1/x
1. 1 - .l
? x1—1>‘n—12(x+2 x+2> 32 xl—Iﬂ)2+1/x
2x — 1 3x —
33, lim 34, lim &1
x—0 e* — 1- ) x>0 e*— 1
I

EXERCISES 2.4

—_
- — '
=+
In Exercises 1-3Q use the results of this section to evaluate the [ ¥ +xQ¥
. . N -t ] <
limit. * v (i\} g g
] : SN © 2 @
i i 3 x2 -2 AN~ g a ojoo
1. lim (/3sinx — 2x) 2. lim £ 8 !
x—7l3 x—0 COS X + 8 8 — o
~>~0 0 . :
. 1 —cosx S o e e '\ﬁ S}
3, lim 3x2cosx 4. lim ———— | meesE AN, —
x> —il3 =0 1—x “ o 2 - ™
: { =8 - &
Inx ] \O % = 9 ) e
5.-Hm e* cos x 6. lim e | = S 5 e
x—0 x—>e €% e e ] % . o
g a (’:f 8“ n = o 2
. . ; 4 .
. 77 sin y cos y . arsinycosy & §2§ S~
+ 7. IIm —m—m——— 8. lim ———= l‘—'o 2 e o
. ST V-5 T
9. lim +3x3 10. lim_(9 — x%)~572 l %8~ 55 — |
=3 , e | II! :lé.d?@ « ESSR
s =~ ] e
. ™ .. . : = (3]
11. lim_sin (— sin t) 12. lim esins o0 B = |
1—>3mi2 2 x—>al6 lan >~ 0 & & & £ oI O ohnri
e e e o s o v o o | 5] « e e o
. In(nx) agmg—ima\l\—t @ AN
13. lim In (622 — 1) 14, Jig 200 %) . S5EFYeReE & g
=172 x—e Inx
o e* — 1 . e2x -1 m q
15. lim In 16. lim ° L)
x>0 x x>0 X x Cx
. sin3x : . cosdx—1
17. lim 18. lim ———
=0 5Sx - x—>0 X
. sinx!3 . cosx2—1 %
19. lim 20. lim —
' x—0 x3 ) x—0 X 3
. cos?r—1 . cost—1 P
21. lim —Y ‘ 22. lim T <
t—0 t—0 t I
| . tan .
| 23, lim —2 24. lim y cot y
| y—0 Yy y—0
‘ ,
| sin x ) sin? x
- 25, lim — 26. lim ———
‘ x—0 sin 2x =01 —cosx
\
| . tan? x . 1 —cos3x
27, lim ——— 28, lim ————
: x—r 1+ secx x>0  sin 3x
. 2x-—cotx . COSXx — secx
29, lim ———— 30. im ————

x—0Xx + 3 cotx =0 1 —secx



